Murray's theory of constrained minimum-power branchings is critically reviewed in a generalised framework for a range of cases: channels with arbitrary cross-section shape, laminar flows of Newtonian and nonNewtonian fluids, and low and high Reynolds-number turbulent flows of Newtonian fluids. The theory states that the sum of hydraulic and metabolic power is minimised if and only if all channels satisfy the same relation between flow rate and effective radius. This relation leads to a generalised form of Murray's law. It is shown that, satisfying Murray's law is a necessary requirement for power minimisation, but not a sufficient requirement. The generalisation of Kamiya & Togawa's law that holds for minimum-volume branchings, also holds for minimum-power branchings. It is a necessary requirement but not a sufficient requirement for both minimum-power and minimum-volume branchings. For symmetric branchings the two generalised laws of Murray and Kamiya & Togawa become identical.
I. BACKGROUND

During a lecture in 1809
1 , Young discussed the resistance of arterial networks. He considered a bifurcating network with symmetric branches, with a ratio of the parent channel radius and the daughter channel radii of approximately 1.26. It is not clear what the background of this rule was.
In a pioneering paper in 1926 2 , Murray derived an expression for the radius of an artery such that the power consumption of the artery is minimised for given flow rate. The key idea is to consider not only the power needed to maintain the flow, i.e., the product of pressure drop and flow rate, but also to maintain the fluid, i.e., the metabolic cost of blood. Assuming Hagen-Poiseuille flow of a Newtonian fluid in an artery of circular cross section, Murray derived that the cube of the radius, R, is proportional to the flow rate, Q:
The constant is a fluid property which means that this ratio has the same value for all tubes in the arterial network. For Hagen-Poiseuille flow it additionally means that the wall shear stress has the same value in all arteries 3 . In the same year, Murray 4 considered an arterial bifurcation consisting of a parent channel (index '0') and two daughter channels (indices '1' and '2'). Employing mass conservation and assuming incompressibility, i.e.,
he derived that when Eq. (1) is satisfied in all channels, the radii of the tubes must satisfy
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Murray's analysis is considered the first explanation of Young's rule, since for symmetric bifurcating branchings, Eq.(3) leads to a ratio of 2 1/3 ≈ 1.25992. In 1981, Sherman 5 referred to Eq.(3) as 'Murray's law', which has been adopted by the scientific community since then. Unfortunately, Sherman also stated that Eq. (1) and Eq.(3) 'are alternative expressions of Murray's law'. Kamiya et al. 6 pointed out that this is not true, since 'it is evident that R i and Q i (i = 0, 1, 2) satisfying Eq. 
then Eq.(2) and Eq.(3) are both satisfied, but Eq.(1) is not:
In other words, satisfying Murray's law, Eq.(3), is a necessary requirement for power minimisation, but not a sufficient requirement. . The objective of the present paper is to critically review Murray's theory of constrained minimum-power branchings for fully developed flows in channels with arbitrary cross-section shape: laminar flows of Newtonian and non-Newtonian fluids, and low and high Reynoldsnumber turbulent flows of Newtonian fluids. Power minimisation for three of these flows has been discussed in the literature, but the low-Reynolds number turbulent flow regime of a Newtonian fluid is new in this respect. It is shown that power is minimised if and only if all channels satisfy the same relation between flow rate and effective radius. Satisfying the corresponding generalised Murray law is necessary for power minimisation but not sufficient. Kamiya & Togawa's law that holds for minimum-volume branchings 12 , also holds for minimumpower branchings. We will show that satisfying the generalisation of this law is a necessary requirement but not a sufficient requirement for both minimum-power and minimum-volume branchings. For symmetric branchings the two generalised laws of Murray and Kamiya & Togawa become identical.
II. FULLY DEVELOPED FLOWS
Four different cases of fully developed flow in channels are considered: The channel cross-section shapes are arbitrary except for the fourth regime where we assume a circular cross section. In all of these cases the pressure drop ∆p over the channel, i.e., the difference between the pressure at the entrance and the pressure at the exit, can be written in terms of the Darcy-Weisbach formulation:
In this expression, f is the friction factor, ρ is the mass density, U is the cross-section averaged velocity, L is the length of the channel, and R is the effective channel radius, defined as the radius of a circular channel with the same cross-section area A:
By introducing the flow rate Q = U πR 2 one gets
For a Newtonian fluid with viscosity µ and a channel with average wall roughness e, the friction factor f is a function of two dimensionless parameters: the Reynolds number,
and the relative wall roughness
For a non-Newtonian fluid with the viscosity satisfying a power law of the form
withγ the shear rate and µ ′ a constant, the friction factor is a function of of three dimensionless parameters: the non-dimensional group
the relative wall roughness ǫ, and the exponent n. When n = 1 one recovers the constant viscosity model of a Newtonian fluid, and Re ′ reduces to Re. For fixed wall roughness e, fixed viscosity coefficient µ or fixed µ ′ and n, one can write Eq.(8) as:
In this expression, a and b are positive constants which depend on the flow regime, and c is a positive constant that depends on the flow regime and on the the crosssection shape of the channel. The values of a, b, and c are derived in the next paragraphs for the flows considered, and summarised in Table (I) .
A. Laminar flow of Newtonian fluid
The fully developed laminar flow of a Newtonian fluid in a branching of smooth channels (ǫ = 0) of arbitrary cross-section was considered by Emerson et al. 13 . The axial velocity w satisfies
where x and y are the cartesian coordinates in the crosssectional plane and z is the cartesian coordinate along the channel. The differential equation shows that w ∼ 1 µ dp dz . For a given cross-section shape and effective radius R, the resulting flow rate Q is a function of 1 µ dp dz and R. Dimension analysis leads to
and therefore
Several examples belonging to this class of flows are known. In case of a circular channel with HagenPoiseuille flow, the flow rate is given by Lamb 14 ,
such that
For an elliptic channel with semi-axes h 1 and h 2 , the effective radius is R = √ h 1 h 2 , and the flow rate is again given by Lamb 14 : elliptic:
laminar non-Newtonian n 3n + 1 circular: 2µ As a consequence,
(20) Finally, for a square channel with sides 2h, the effective radius is R = 2h √ π , and the flow rate is given by Cornish 15 :
1 µ dp dz R 4 .
B. Laminar flow of non-Newtonian fluid
The fully developed laminar flow of a non-Newtonian fluid in a branching of smooth channels (ǫ = 0) of arbitrary cross-section was considered by Revellin et al. 16 and by Tesch 17 . The axial velocity w satisfies
where x and y are the cartesian coordinates in the crosssectional plane, z is the cartesian coordinate along the channel, and µ is given by Eq. (11) . The shear rate is defined as 18 :
which in the present case leads tȯ
The differential equation Eq.(23) and the power law Eq. (11) show that w n ∼ 1 µ dp dz . For a given cross-section shape and effective radius R, the resulting flow rate Q is a function of 1 µ dp dz and R, and dimension analysis leads to
In case of a circular channel the relation between flow rate and pressure gradient is given by Bird et al. 18 :
Re ′ , c = 2µ
C. Low Reynolds number turbulent flow of Newtonian fluid, smooth channel
When the flow is turbulent and the Reynolds number is sufficiently low, Re < 10 5 , then the friction factor for a smooth channel, ǫ = 0, may be approximated by Blasius' formula 19, 20 :
and the coefficients in Eq. (13) For sufficiently large Reynolds numbers, the friction factor corresponding to fully developed turbulent flow in a circular channel can quite accurately be described by Haaland's formula 21 , which in the limit of high Reynolds numbers becomes:
The coefficients in Eq. (13) Murray's conjecture 2 is that, at fixed channel length L and flow rate Q, the channel radius-dependent power P (R) consists of two contributions: one to maintain the flow rate against an adverse pressure gradient ∆p, and one to maintain the fluid:
In this expression, V is the channel volume,
and α is a fluid maintenance constant representing the cost per unit volume to maintain the fluid. Murray minimised the power with respect to R assuming HagenPoiseuille flow and found that the optimal radius R * is proportional to the cube root of the flow rate. Furthermore, the corresponding power required to maintain the flow rate was found to be 1 2 αV * with V * = πR 2 * L. The minimum power to maintain both the flow rate and the fluid is P * = 3 2 αV * , which leads to the conclusion that the ratio of the power required to maintain the flow rate to the power required to maintain the fluid is 1 2 . Finally, Uylings 22 derived an expression for the ratio of the nonoptimised power and the power minimum:
All of these results obtained for Hagen-Poiseuille flow can be generalised towards the generalised pressure-drop flow-rate relation Eq. (13), for channels with the effective radius defined in Eq. (7). The generalisation is given by the following theorem.
Theorem 1 (minimum-power channel). The power P (R) required to maintain a fully developed steady flow at fixed flow rate Q in a channel of fixed length L with effective radius R, pressure drop ∆p = c Q a R −b L and fluid maintenance coefficient α, attains a global minimum if and only if R = R * with
The global minimum of P is
and the corresponding ratio of the two power contributions is
Finally, the ratio of the power P and its minimum value P * is:
Proof. P is a function of R only and
which shows that dP dR = 0 if and only if Eq.(37) holds. Furthermore
which is positive for all R showing that the minimum is a global minimum. The two expressions for the minimum power and the power ratio follow immediately by substitution. Finally, when one divides P (R) by P * using Eq.(38), and by using Eq.(37) to substitute
then Eq.(40) follows immediately.
The characteristic numbers appearing in Theorem 1 are summarised in Table (II) for the flows considered.
IV. GENERALISATION OF MURRAY'S THEORY FOR A BRANCHING
Following the single-channel result in the previous section, we now consider a branching consisting of a parent channel connected to N daughter channels in a branching point x, see Fig. (1) . The channels are numbered from 0 to N , with 0 indicating the parent channel. The effective radii of the channels are R ≡ (R 0 , R 1 , ..., R N ), the fixed termination points of the channels are x i , i = 0, 1, ..., N , and the fixed flow rates in the daughter channels are Q i , i = 1, ..., N . Furthermore, Q o is taken positive towards the branching point, whereas the other flow rates are taken positive away from the branching point. To satisfy mass conservation, the flow rates satisfy: Finally, the lengths of the channels, L i , are functions of the branching location: The power P (R, x) needed to maintain the flow rate and the fluid in the channel depends on the radii and lengths of the channels, and is the sum of the individual channel contributions given by Eq.(34):
Assuming Hagen-Poiseuille flow in cylindrical channels, Murray 4 derived for such a branching that, based on mass conservation and assuming optimised channels such that the radii are proportional to the cube roots of the flow rates, the sum of the cubes of the daughter radii must be equal to the cube of the parent radius. In the literature this relation is referred to as 'Murray's law'. Furthermore, Murray was able to derive expressions for the cosines of the angles between the channels in the bifurcation case (N = 2), pre-assuming that all channels lie in a plane. The following theorem generalises these results. 
Finally, the following relation holds:
Proof. Differentiation of P with respect to R i gives
which shows that Furthermore, the gradient of P with respect to the branching point x is:
Because
By using Eq.(47) to eliminate Q from Eq.(53), one obtains that ∇ x P = 0 if and only if
Since b > 0 and α > 0, this immediately implies Eq.(48). Eq.(49) can be found by substitution of R i, * and x * into the expression for P (R, x).
To show that the power minimum P * is indeed a global minimum we write P as a sum over the individual channel contributions (see Eq. (46), Eq. (40) and Eq.(49)):
It should be noted that P i, * in this expression denotes the minimum power of channel i for given length L i , i.e., it has only be optimised with respect to R i . The terms in between brackets in Eq.(57) are either larger than one, or equal to one if and only if R i /R i, * = 1. This can be seen from considering the function f (x) ≡
x 2 for x > 0 which has global minimum f (1) = 1 since f ′ (1) = 0 and f ′′ (x) > 0. Therefore
with equality if and only if Ri Ri, * = 1 for all i. It remains to be shown that the sum in Eq.(58) has a global minimum when the branching point x satisfies Eq.(48). We write the branching point as a perturbation of the optimum:
A Taylor series expansion shows that
The first and second derivatives in this expression are, respectively:
and
(62) where we have used
(63) With these expressions, Eq.(60) can be written as
The second term on the right hand side is zero in view of Eq.(48), and the third term on the right hand side of Eq.(60) is non-negative since |e i | = 1, |r| = 1 and therefore (e i · r) 2 ≤ 1 with the inequality applying to at least one of the channels. Hence
and therefore the power minimum is a global minimum. Eq.(50) follows directly from substitution of Eq.(47) into the expressions for ∆p i and V i given by Eq. (13) and Eq.(35), respectively.
Finally we prove Eq.(51) first by replacing the flow rates Q i in the mass conservation law Eq.(44) by means of Eq.(47):
and then by multiplying each term R 48) is satisfied, then the total volume of the branching is minimised for fixed radii R i .
Corollary 1 (bifurcation topology). The optimal branching point x * of a bifurcation, i.e., N = 2, lies in the plane defined by x o , x 1 , x 2 , and the cosines of the smallest angles between each pair of channels involved are given by
Proof. Eq.(48) shows that the vectors e i , i = 0, 1, 2, are linearly dependent, which means they lie in the same plane and, as a consequence, the optimal branching point x * lies in the plane defined by x o , x 1 , x 2 . Taking the inner product of Eq.(48) with the vectors e o , e 1 , and e 2 , respectively, leads to the following linear system of equations:
which has unique solution Eq.(67). 
with the constant C undetermined, and therefore Eq. (51) is not a weak formulation of Eq.(47). 
which we will refer to as the generalised Murray law. Eq.(70) defines a hyper-surface in the (N +1)-dimensional space of radii R i . In contrast, Eq.(47) defines a single point on that hyper-surface. For that reason, both equations are not equivalent: Eq. (70) is only a necessary condition for power-minimisation, whereas Eq.(47) is a sufficient condition for power-minimisation. In the special case of a bifurcation, N = 2, and Eq.(70) reduces to
For Hagen-Poiseuille flow this expression further reduces to the original law Eq. (3):
b. Kamiya-Togawa's law. For m = a, leaving out the asterisks, Eq.(51) becomes
which we will refer to as the generalised KamiyaTogawa law. Eq. (72) 
and for Hagen-Poiseuille flow (a = 1, b = 4), this expression further reduces to
This equation was derived by Kamiya & Togawa 12 as the result of volume minimisation for fixed flow rates and fixed pressure drops between the branching-entrance and exits. It is easy to show that Eq.(72) similarly follows from volume minimisation for the generalised case. For fixed flow rates and fixed pressure drops between the branching-entrance and exits, i.e.,
the radii R i for i > 0 become functions of the radius R o and the branching point x. Differentiation of this expression to R o gives:
Minimisation of the total branching volume V = c. Symmetry. Eq.(70), which is a necessary condition for power-minimisation, and Eq.(72), which is a necessary condition for both volume-minimisation and power-minimisation, are in general not equivalent since they define two different hyper-surfaces. However, in the special case of a symmetric branching,
Eq.(70) and Eq.(72) become
, and
, (78) respectively, with i > 0. The ratio Q o /Q i is equal to N , and therefore both equations are identical. It is noted, however, that the two corresponding branchings do not need to be identical since R o can still be different.
C. Wall shear stress
For Hagen-Poiseuille flow of a Newtonian fluid through circular tubes, power minimisation of a branching leads to uniform shear stress in all channels 3 . We will show that this can be generalised towards laminar flows of Newtonian and non-Newtonian fluids through channels of arbitrary cross-section, but not to turbulent flows.
The wall shear stress τ for fully developed flow through a channel with arbitrary cross section can be computed from a force balance:
where the closed curve integral indicates integration over the intersection between the channel wall and a perpendicular cross-plane. The average shear stress is defined as
where ℓ is the perimeter. Hence, using Eq. (7) and Eq. (13), one gets
For a fixed cross-section shape, the perimeter is linear in the effective radius, ℓ ∼ R, and therefore the average shear stress is uniform when
For power minimisation it is required that Eq.(47) holds, so both requirements are satisfied if
or, equivalently,
This requirement is satisfied for the laminar flows mentioned in Table (I) , but not for the turbulent flows. In Table ( 
V. CONCLUSIONS
Murray's theory of minimum-power branchings was derived almost a century ago for channels with circular cross-section shape and Hagen-Poiseuille flow of a Newtonian fluid. It can be extended towards a range of other fully developed flows including channels with arbitrary cross-section shape, low and high Reynolds-number turbulent flows of Newtonian fluids, and laminar flows of non-Newtonian fluids. Minimisation of power is equivalent to the radii and flow rates of the branching channels satisfying the same law: minimum power (fixed Q j , j = 1, 2, ...) ⇔ R n i /Q i = constant i = 0, 1, 2, ...,
where n = (b + 2)/(a + 1), with a and b dependent on the flow regime at hand. Taking into account mass conservation, i.e., 
It is emphasised that the first statement, Eq.(85), expresses an equivalence, and that the second statement, Eq.(86), expresses a consequence. In other words, satisfying Murray's law is a necessary requirement for power minimisation, but not a sufficient requirement for power minimisation, Kamiya & Togawa's theory of minimum-volume branchings can also be extended to the flows mentioned 
which reflects that Eq.(87) and Eq.(88) both represent consequences and not equivalences. For a symmetric branching, the two consequences Eq.(86) and Eq.(87) become identical:
but the branchings can still be different because R o can be different.
Finally it has been shown that the requirements of power minimisation on the one hand, and uniform perimeter-averaged wall shear stress on the other, both lead to the same Murray law in case of laminar flow of Newtonian and non-Newtonian fluids, but to different laws in case of turbulent flow.
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